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Abstract The spatial averaging effects due to a cross-wire
probe on the measured turbulence statistics in a wall-bounded
flow are investigated using a combined approach of Direct
Numerical Simulation data, theoretical methods and experi-
ments. In particular, the wire length (l), spacing (∆sy) and
angle (θ) of a cross-wire probe configured to measure the
streamwise and wall-normal velocities are systematicallyva-
ried to isolate effects of each parameter. The measured stre-
amwise velocity from a cross-wire probe is found to be an
average of the filtered velocities sensed by the two wires.
Thus, in general, an increase in the sensor dimensions when
normalised by viscous units leads to an attenuated variance
for the streamwise velocity (u2), resulting from a larger con-
tribution to the spatial averaging process from poorly corre-
lated velocities. In contrast, the variance for the wall-normal
velocity (w2) can be amplified, and this is shown to be the re-
sult of an additional contributing term (compared tou2) due
to differences in the filtered wire-normal velocity between
the two wires. This additional term leads to a spurious wall-
normal velocity signal, resulting in an amplified variance
recorded by the cross-wire probe. Compared to the stream-
wise and wall-normal velocity variances, the Reynolds shear
stress (−uw) perhaps surprisingly shows less variation when
l, ∆sy andθ are varied. The robustness of Reynolds shear
stress to the finite sensor size is due to two effects. (I): Rey-
nolds shear stress is devoid of energetic contributions from
the near-isotropic fine scales unlike theu2 andw2 statistics,
hence cross-wire probe dimensions are typically sufficiently
small in terms of viscous unit to adequately capture theuw
statistics for a range ofl andθ investigated. (II) The∆sy de-
pendency arises due to cross terms between the filtered velo-
cities from two wires, however, it turns out that these terms
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cancel one another in the case of Reynolds shear stress, but
not for theu2 andw2 statistics. We note that this does not,
however, suggest thatuw is easier to measure accurately nor-
mal stresses; on the contrary, in a companion paper (Baidya
et al.2019Meas. Sci. Technol.30085301) we show thatuw
measurements are more prone to errors due to uncertainty in
probe geometry and calibration procedure.
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1 Introduction

In an experimental investigation of turbulent flows, finite
sensor dimension effects remain an important consideration
when interpreting the data. This is because all physical sen-
sors occupy a finite dimension, and therefore the velocity
measuredby the sensor does not correspond to a velocity at
a point, but rather a spatially filtered velocity over the region
occupied by the sensor. Therefore, the sensor acts as a filter
with velocity fluctuations that occur within a region smaller
than the sensor dimension being insufficiently resolved, le-
ading to a dependence of the measured turbulence statistics
on the dimension of the sensor used.

The spatial attenuation of the streamwise velocity me-
asured using a single normal hot-wire is perhaps the most
well-studied case of the finite sensor dimension effects, with
considerable theoretical (Drydenet al., 1937; Uberoi & Ko-
vasznay, 1953; Wyngaard, 1968), numerical (Chin et al.,
2011; Suzuki & Kasagi, 1992) and experimental (Hutchins
et al., 2009; Johansson & Alfredsson,1983; Ligrani & Brads-
haw, 1987) investigations performed to date. The addition of
a second wire in cross-wire probes (hereafter referred to as
×-probes) means that the measured velocities are not only
functions of the sensor dimension, but also the relative posi-
tions of the two wires, which leads to a significant increase
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in the complexity of spatial resolution investigations. Quan-
tifying the full effects of the entire parametric space con-
stituting the sensor dimension and the relative positions of
the two wires is difficult. Therefore, most investigations to
date have concentrated on determining the effect of one pa-
rameter in isolation. For example, the wire separation effects
have been studied in isolation both experimentally (Browne
et al., 1988; Strohl & Comte-Bellot, 1973) and numerically
(Suzuki & Kasagi, 1992). While Tagawaet al. (1992) in-
vestigated the effects of the wire inclination angle numeri-
cally. Here, we present extensive numerical studies using a
direct numerical simulation (DNS) database where multiple
parameters related to the dimension and relative position of
the sensors are systematically considered, and their effect on
the measured turbulent stresses and energy spectra are in-
vestigated. Furthermore, the results from the numerical stu-
dies are compared against an analytical expression derived
theoretically and against experimental results for some se-
lective sensor configurations. In this paper, we use the coor-
dinate systemx, y andz to refer to the streamwise, spanwise
and wall-normal directions, respectively; whileu, v andw
denote the corresponding fluctuating velocities. Capitalisa-
tion and overbars indicate time-averaged quantities, while
superscript ‘+’ is used to denote normalisation by viscous
units (e.g.U+ = U/Uτ, z+ = zUτ/ν, whereUτ andν denote
the mean friction velocity and kinematic viscosity, respecti-
vely.)

Here, the focus of our investigation will be on an×-
probe configured to measure the streamwise and wall-normal
velocity (hereafter referred to as au-w×-probe), to comple-
ment the study byPhilip et al. (2013b) who investigated×-
probes configured for measuring the streamwise and span-
wise velocity (u-v ×-probe). For turbulent shear flows (and
especially in wall-bounded turbulence), the Reynolds shear
stress (−uw) is one of the most important turbulent quan-
tities, appearing in the mean streamwise momentum equa-
tion. It should be noted that, in a wall-bounded flow, due
to mean wall-normal shear, the flow is inhomogeneous al-
ong the individual hot-wires in theu-w ×-probe, unlike the
u-v ×-probe where it is homogeneous. Here, we extend the
analysis ofPhilip et al. (2013a,b), to the case where spatial
averaging is along the inhomogeneous direction. The paper
consists of four major sections, with the first part detailing
a model for the finite sensor size. This model is then used
to simulate the measured velocity using an×-probe given a
known input velocity (the measured velocity is not the same
as the input velocity due to spatial averaging that occurs
across the finite sensor). In the second section, in order to
investigate the effect of spatial averaging along the inhomo-
geneous direction in isolation, a simpler case of single incli-
ned wire in a wall-bounded flow is studied. This investiga-
tion is then extended to×-probe in the third section; where
an additional parameter, the spacing between the two incli-

ned wires, is considered. In the final section, comparison of
these models against experimental×-probe data are provi-
ded.

2 Modelling the finite sensing elements in the×-probe

The spatial filtering of velocities across the sensing element
of length l is modelled as a box filter. To obtain the fil-
tered velocity, the velocities along the sensor are convol-
ved with a box function with a value of 1/l ranging from
−l/2 to l/2. This implies that the hot-wire is equally sensi-
tive to the velocities over its entire length, which is a good
approximation for a hot-wire with a large length to diame-
ter ratio (Chin et al., 2011). This approach has been pre-
viously employed byChin et al. (2011) and Philip et al.
(2013a), who have demonstrated that the predicted attenu-
ation of theu2 profile from the box-filtered velocity closely
resembles the experimental results up to a wire length of
l+ ≈ 40. Furthermore, the effects of non-linear filtering and
wire misalignment have been theoretically studied bySega-
lini et al. (2011), who find that for a realistic misalignment
angle (< 5◦) the non-linear effects alone do not change the
trends in the measured mean and variance, with respect to
the sensor size.

For a linear filter such as the one utilised in the current
study, the total velocity can be decomposed into the mean
(U) and fluctuating components (u) as (Philip et al., 2013a)

Ũ =
1
l
(U ∗ b), and ũ =

1
l
(u ∗ b), (1)

where,∗ denotes the convolution integral andb the box fil-
ter function. Here, tilde is used to denote filtering along the
wire length. Hence, the filtered mean velocity only depends
on the unfiltered mean velocities along the sensor, while the
filtered fluctuating velocity depends only on the unfiltered
fluctuations along the sensor.

To resolve two components of velocity instantaneously,
a probe containing a pair of hot-wires is required. To mea-
sure the streamwise and wall-normal velocities, the×-probe
is configured such that the two inclined wires are parallel to
thex-z plane, separated by a finite distance∆sy in the span-
wise direction, as illustrated in figure1(a).

It is convenient to express the heat convected away from
an inclined hot-wire using aneffective velocity, Ueff. This
is because, in a constant temperature anemometer, the heat
convected is equal to Joule heating from the wire, which in
turn has a one-to-one correspondencewith the output voltage
from the anemometer. Hence, use of effective velocity al-
lows velocity-voltage mapping functions across multiple in-
clination angles to be described using a singleE-Ueff rela-
tionship (Bruun, 1995). For typical measurements, the con-
tribution from the tangential velocities is empirically obser-
ved to be minimal (Champagneet al., 1967). This agrees
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Fig. 1: A schematic of×-probe configure to measure theu
andw velocities. (a) Isometric and (b)x-zplane projections.
The red and blue wires shown in (a) are located on the re-
spectively coloured planes, while the effective velocity for
the two wires (given here by the normal component to the
sensor,uA⊥,w1 and uA⊥,w2) corresponding to the measured
velocity,uA, is shown in (b).

with the investigations byPhilip et al.(2013b), who compa-
red a simulated×-probe with and without inclusion of the
tangential velocity contributions finding only slight quan-
titative differences in the results. Therefore to simplify the
present analysis, we will assume that the inclined hot-wire
only senses velocity perpendicular to the sensor. For, figure
1(b), only the normal component of the velocity vectoruA,
uA⊥,w1 and uA⊥,w2 (the subscripts w1 and w2 are used to
distinguish between the wires) contributes to the heat con-
vection for wire 1 and 2, respectively.

The final step is to obtain an expression for the measu-
red velocity by the×-probe, in terms of effective velocity
from the individual wires. In an experiment, due to uncer-
tainties over wire inclination angles and contributions from
the tangential velocities to the total heat convention, this is
achieved through a calibration procedure where the×-probe
is placed in a uniform flow with a known velocity at vari-
ous anglesα to construct a map between the flow angle and
effective velocities (Bruun, 1995). However, for a simulated
×-probe, where we neglect tangential velocities (see (Moin

& Spalart, 1989) for the case when the tangential velocity
contributions are retained) these uncertainties are not pre-
sent and an exact expression can be obtained between the
measured velocities (u andw) and the wire-normal veloci-
ties (u⊥,w1 and u⊥,w2) from the geometry shown in figure
1(b). That is,

u =
ũ⊥,w2

sin(θw1 + θw2)
cosθw1 +

ũ⊥,w1

sin(θw1 + θw2)
cosθw2, (2a)

w = −
ũ⊥,w2

sin(θw1 + θw2)
sinθw1 +

ũ⊥,w1

sin(θw1 + θw2)
sinθw2. (2b)

Here, tilde again denotes filtered velocity from the indi-
vidual wires. Since the measured fluctuating velocities can
be described fully in terms of fluctuating velocities along
the sensors as shown in equation (2), the variance measu-
red using the×-probe will not be affected by the local mean
velocities experienced by the two wires, at least in the con-
text of linear filtering. Furthermore,×-probes are typically
configured to be symmetrical about thex-axis (as is the case
for the experimental investigation carried out in§ 7), and
therefore both wires have lengthl (cf. figure1b), whileθw1 =

θw2 = θ. Substituting the wire-normal velocities with the
filtered u and w components along the wire (e.g.ũ⊥,w1 =

ũw1 sinθ + w̃w1 cosθ) in (2) results in

u =
ũw1 + ũw2

2
+

w̃w1 − w̃w2

2 tanθ
, (3a)

w =
w̃w1 + w̃w2

2
+

( ũw1 − ũw2) tanθ
2

. (3b)

In order to simulate an×-probe in a wall-bounded flow,
a Direct Numerical Simulation (DNS) channel flow data-
base fromdel Álamoet al. (2004) at Reτ = (Uτ h)/ν = 934
is used, whereUτ, h andν are the mean friction velocity,
half-channel height and kinematic viscosity of the fluid. The
DNS database has a domain size of 8πh, 3πhand 2h, in thex,
y andz directions respectively. A Fourier, Fourier and Che-
byshev spatial discretization scheme is used inx, y and z
directions, with a grid size corresponding to 3072× 2304×
385. The available database has been de-aliased and inter-
polated at a grid resolution of∆x× ∆y ≈ 7.6 × 3.8 viscous
units, while∆z varies from 0.03 at the wall to 7.6 viscous
units at the channel centreline.

3 Filtering effects from individual inclined hot-wires

In the previous section, we have shown that the measured
velocity from an×-probe can be expressed in terms of the
(filtered) velocities from the two inclined hot-wires. For an
×-probe measuring theu andw velocities, the velocity vec-
tors along the wire that are being filtered are inhomogene-
ous, as opposed to an×-probe configured to measure theu
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andv velocities. Thus, the effect of spatial averaging along
an inclined wire in thex-zplane is investigated here in isola-
tion, since spatial averaging effects along the inhomogene-
ous direction for a single wire itself is not well understood
(prior studies have largely concentrated on spatial averaging
along the homogeneous direction, see e.g.Chinet al.(2011);
Philip et al. (2013a); Wyngaard(1968)). The knowledge
gained here will provide a foundation for the investigation
of the×-probe conducted in the proceeding section as the
finite dimension effects on the measured velocity from an
×-probe turns out to be an average of filtered velocities from
two inclined wires plus additional (non-trivial) wire separa-
tion effects (see §4 for further details). Hence, filtered re-
sults for the individual velocity components are investigated
here, although in practice only the combined effective velo-
city from all components can be determined from a single
inclined wire.

In order to formulate the effect of finite sensor size, con-
sider two arbitrary points A and B along the sensor, each a
distanceξ andζ respectively from the wire centre, as shown
in figure 2. Hence, the positional vector of point A and B
from the centre of the wire,PA andPB, is given by

PA = ξ cosθ î − ξ sinθ k̂, and PB = ζ cosθ î − ζ sinθ k̂,

(4)

for the inclined wires in thex-z plane, wherêi andk̂ denote
the unit vector in the streamwise and wall-normal directions,
respectively. Then, the turbulent stresses obtained from the
box-filtered velocities can be expressed as

〈
ũi ũ j

〉
=

1
l2

〈∫ l/2

−l/2
ui,A dξ

∫ l/2

−l/2
u j,B dζ

〉

=
1
l2

∫ l/2

−l/2

∫ l/2

−l/2

〈
ui,A u j,B

〉
dξdζ, (5)

whereui,A andu j,B correspond to thei th component of velo-
city at point A and thej th component of velocity at point B,
respectively, while the angle brackets (e.g.〈u〉) indicate en-
semble averaging. It should be also noted that, the termsui,A

andu j,B in equation (5) are interchangeable with the terms
u j,A andui,B, respectively.

Using transformation of coordinates,r = ζ − ξ, equation
(5) can be rewritten in terms of the two-point correlation
function Ri j (ξ, r) as (Comte-Bellot & Foss, 2007, see also
figure2):

〈
ũi ũ j

〉
=

1
l2

∫ l

−l

∫ l/2−r

−l/2−r

〈
ui,Au j,B

〉
dξdr,

=
1
l2

∫ l

−l

∫ l/2−r

−l/2−r
Ri j (ξ, r) dξdr, (6)
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Fig. 2: Notation used to uniquely describe the locations of
two points located on a sensor. (a) The relationship between
ξ, ζ and r. Here, symbols� and� denote the two points
(point A and B), while symbol� corresponds to the centre
of the sensor. (b) The transformation between the coordinate
systems (ζ, ξ) and (r, ξ). The valid domain where the two
points lie on the sensor is shown shaded grey.

wherer equals the relative distance between the points A
and B. Hence, the ratio between the filtered and original sta-
tistics can be expressed as

〈
ũi ũ j

〉

uiu jDNS

=
1
l2

∫ l

−l

∫ l/2−r

−l/2−r

σ(ui,A)σ(u j,B)

uiu jDNS

RNi j (ξ, r) dξdr. (7)

Here,σ(ui,A) indicates the standard deviation of the signal
ui,A, while RNi j = Ri j/

(
σ(ui,A)σ(u j,B)

)
corresponds to the

normalised two-point correlation function. Since the norma-
lised two-point correlation is a measure of similarity bet-
ween the velocities located at two points, it is understanda-
ble that

〈̃
ui ũ j

〉
can be fully described in terms ofRNi j andl.

Consequently, in wall-bounded flows, the spatial-averaging
effects from an inclined wire can be well parameterised by
consideredl+, θ and z+c (viscous-scaled wall-normal loca-
tion of the wire centre). This is because the filtering effect is
most severe for the small-scales, which scale with the inner-
viscous units (e.g. spanwise spacing of the near-wall streak
is O(100Uτ/ν) (Kline et al., 1967)). In other words, when
evaluating (7), the dependency ofRNi j on r+ remains ap-
proximately the same across multipleRe, at a fixedz+c .

Figures3(a)-(c) show the effect of spatial filtering across
the sensor on the turbulent stresses for a single inclined wire
in thex-zplane for various sensor lengths (l) and inclination
angles (θ). The centre of the inclined wire is fixed atz+ ≈
15 for all cases. The figures show relative differences (RD)
between the filtered (

〈
ũi ũ j

〉
) and the unfiltered (uiu jDNS )
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Fig. 3: Relative difference (RD) between the turbulent stres-
ses from the filtered and original velocities for an inclined
wire in thex-z plane.RD of (a) u2, (b) w2 and (c)uw sta-
tistics. The symbols indicate different inclination angles:�
θ = −30◦, N θ = −45◦, � θ = 45◦, � θ = −60◦ and ★

θ = −90◦. The symbols× × correspond to the unfiltered
DNS statistics where the grid resolution varies from 1.3 to
7.6 viscous units.

DNS statistics, which is evaluated as

RD ũi ũj =

〈
ũi ũ j

〉
− uiu jDNS

uiu jDNS

. (8)

Thus,RD = 0 corresponds to when the filtered and original
turbulent stresses are equal, whileRD = 1 corresponds to
100 % overestimation, and similarlyRD = −1 corresponds

to 100 % underestimation. It should be noted that we limit
our investigation to the effect of spatial filtering on theu2,
w2 anduw statistics, since only these turbulent stresses can
be evaluated using au-w×-probe.

For all wire inclination angles examined in figure3, an
increase inl results in increasingly attenuated turbulent stres-
ses. This is because a longer viscous scaled wire length le-
ads to a spatial averaging process with a larger representa-
tion from poorly correlated velocities as evident from the
decrease in

∣∣∣RNi j

∣∣∣ that occurs away from the origin,r = 0,
in figures4(a)-(c). Further, for a fixedl the attenuation in-
creases as the wire inclination is changed from horizontal
(θ = 0◦) to vertical (θ = −90◦), and this can be attributed to
a faster decrease in

∣∣∣RNi j

∣∣∣ in z compared to thex direction.
It should be noted that, sinceRNi j in the x-y andx-z planes
share the same characteristics, trends of the filtered statistics
with respect tol andθ observed here are also seen for an
inclined single wire in thex-y plane (Philip et al., 2013a).
However, unlike in thex-y plane,RNi j in the x-z plane are
not symmetric about the origin, and therefore, the filtered
statistics from the inclined wire atθ = −45◦ andθ = 45◦

are distinct as shown in figure3 using symbolsN and�, re-
spectively. For a more detailed discussion of the similarity
and difference between theRNi j behaviour in the homoge-
neous and inhomogeneous plane, the reader is referred to
appendixB. The lesser attenuatedu2 andw2 statistics for
an inclined wire atθ = −45◦ compared to the 45◦ case is
consistent withRNi j shown in figure4, where two points at a
negative (following the right-hand rule) inclination angle are
better correlated than the positive counterpart, for a given r.
Furthermore, whileRNuu andRNww is maximum atr = 0 and
becomes increasingly uncorrelated with increasingr, this is
not necessarily the case forRNuw. For example, in figure4(c)
the w velocity is best correlated withu(x+, z+ = 15) at an
offset (r+x , r

+
z ) ≈ (−5, 10), as indicated by the grey square

(�). Moreover, therx locations where−RNuw is maximum
for a givenrz (denoted by a thin dashed line), display a non-
trivial behaviour which include switches of sign that leads
to the phase shift between the reference,u(z+ = 15), and the
w(z+) signals alternating between a lead (rx < 0) and a lag
(rx > 0). Consequently, spatial averaging of the velocities
along the inclined wire (shown as grey line) leads to an in-
clusion ofu andw velocities which are better correlated than
at the centre of the wire and hence have a positive contribu-
tion to−

〈̃
uw̃

〉
. Thus, the attenuation of the

〈̃
uw̃

〉
statistics is

smaller compared to
〈̃
u2〉 and

〈
w̃2〉 for a fixedl+, as evident

from figures3(a)-(c).

4 ×-probe

A parametric study on how the turbulent stresses measured
using an×-probe are affected by differing wire length (l),
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wire angle (θ) and wire separation (∆sy) is reported in this
section. Furthermore, as with §3, the centre of the sensing
elements is maintained atz+ ≈ 15.

Figures5(a)-(c), (d)-(f ) and(g)-(i) show the measured
streamwise variancesu2, wall-normal variancew2 and Rey-
nolds shear stress−uw, respectively as functions ofl, ∆sy

andθ. An increased attenuation of theu2 andw2 statistics
is observed with increasingl due to the velocity along the
wire becoming increasingly uncorrelated. Although bothu2

andw2 follow a similar trend (i.e. they both decrease) with
increasingl, opposite behaviour occurs when∆sy is increa-

sed. While an attenuation ofu2 is observed with increasing
∆sy, an increasingly amplifiedw2 is obtained with increased

wire separation. The amplification ofw2 at ∆sy , 0 is the
result of additional contribution from thẽuw1− ũw2 term (cf.
equation3b) existing in the near-wall region (z+ < 100). The
amplification ofw2 is also dependent on the wire angle, with
a five times increase observed when the wire angle is chan-
ged from 30◦ to 60◦ when∆s+y ≈ 20. However, the effect

of wire angle onu2 andw2 when∆sy = 0 is significantly

less, as shown in figures5 (a) and (d). Unlike theu2 and
w2 statistics, the Reynolds shear stress shows no clear trend
against any of the three parameters investigated here. The
trends (or lack of one) in theu2, w2 anduw statistics obser-
ved with respect tol, θ and∆sy is explained in the following
section through a closer look at the contributing terms to the
measured turbulent stresses.

4.1 Special case:θ = 45◦

Settingθ = 45◦, and expressing the measuredu andw velo-
cities in terms of spatially filtered velocities along the wire,
with a provision thatl+ ∼ O(10) leads to (see appendixC
for derivations, adapted fromPhilip et al. (2013a))

u2

u2
DNS

≈ Fuu︸︷︷︸
l effect

[
1−

filtering of theũ velocities
across the two wires︷                 ︸︸                 ︷

1
2

(
1− R̃Nuu(∆sy)

) ]

︸                          ︷︷                          ︸
∆seffect

, (9)

w2

w2
DNS

≈ Fww︸︷︷︸
l effect

[
1−

filtering of thew̃ velocities
across the two wires︷                  ︸︸                  ︷

1
2

(
1− R̃Nww(∆sy)

) ]

︸                          ︷︷                          ︸
∆seffect

+

Fww︸︷︷︸
l effect

[

contribution from the differences in
theũ velocities across the two wires︷                              ︸︸                              ︷

1
2

(
1− R̃Nuu(∆sy)

)

amplification︷︸︸︷〈
ũ2

〉

〈
w̃2〉

]

︸                                 ︷︷                                 ︸
∆s effect

, (10)

and

uw
uwDNS

≈ Fuw︸︷︷︸
l effect

× 1︸︷︷︸
no∆s effect

, (11)

where the function Fuiuj corresponds to the ratio of turbulent
stresses from the spatially filtered velocity and the original
DNS statistics, or

Fuu =

〈
ũ2

〉

u2
DNS

, Fww =

〈
w̃2

〉

w2
DNS

, and Fuw =

〈
ũ w̃

〉

uwDNS
. (12)

Therefore Fuiuj = RD ũi ũj + 1, whereRD ũi ũj corresponds to
the relative difference between the filtered and the original
statistics as defined in §3. Furthermore,̃RN denotes the nor-
malised two-point correlation function between the filtered
velocities, or

R̃Nuu(∆sy) =

〈
ũ(x) ũ(x + ∆sŷj )

〉

〈 ũ2〉
,

R̃Nww(∆sy) =

〈
w̃(x) w̃(x + ∆sŷj )

〉

〈 w̃2〉
. (13)

The terms Fuiuj are solely dependent on the spatially filtered
velocities along the two inclined wires, which have already
been investigated in isolation in §3. It should be noted that,
similar expressions for equations9 and10 have been previ-
ously obtained bySuzuki & Kasagi(1992), for a more gene-
ral case where the axial sensitivity coefficient of the hot-wire
sensor in not equal to zero.

Figures6(a)-(c) show the relative difference between the
measuredu2, w2 anduw statistics using an×-probe and the
original DNS statistics, respectively. It is useful to rewrite
u2 in terms ofFuu and R̃Nuu (cf. equation9) such that the
effects froml and∆sy can be examined in isolation. Thus,

while theu2 statistics are increasingly attenuated with incre-
asingl, due to spatial averaging processes along the wire as
discussed in §3, an increase in∆sy leads to even further at-

tenuation. Sinceu2 ≫ w2 in wall-bounded flows, equation
(3a) reduces tou ≈ 0.5 ũw1+ 0.5 ũw2, meaning an additional
averaging process between the two wires is invoked when
determiningu using an×-probe. Since the two filtered velo-
cities become increasingly uncorrelated with an increase in
the wire separation distance, this leads to au2 dependency
on∆sy, as shown in figures5(a)-(c) and6(a).

For thew2 statistics, in contrast tou2 none of the terms
in equation (3b) can be neglected. This leads to an additio-
nal contributing term tow2 which is associated with the∆sy

effect, as shown in equation (10). Since 1− R̃Nuu = 0 when
∆sy = 0 and approaches unity as∆sy → ∞, the additional

term leads to an increase in thew2 statistics with increasing
∆sy, an opposite effect to theR̃Nww term in (10). Further, it
should be noted that, to obtain equation (3b), we assumed
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with figure5, × × denotes the variation in the grid resolu-
tion for the DNS volume used when simulating the×-probe.
Symbols� and� correspond to two configuration where
RDuw ≈ 0.

that the two wires experience an identical velocity vector,
which is not necessarily satisfied inside the turbulent flow.
For example, any differences in thẽu⊥ velocities between
the two wires leads to a non-zero spuriousw, resulting in in-
creasedw2 statistics. A larger∆sy leads to a poorer correla-
tion betweeñu⊥ from the two wires, leading to increasingly
spuriousw. In addition, the fact thatu2/w2 ≫ 1 in wall-

bounded flows, means that the additionalw2 contribution
from the last term in equation (3b) can be sufficiently large
to suppress the attenuating effect from the other two terms,
resulting in an overall amplification compared to the original
w2

DNS value, as observed in figures5(d)-(f ) and6(b).
It is evident from equation (11) that unlikeu2 andw2, the

uw statistics have no contribution from thẽRNi j (∆sy) terms.
This is the result of a fortuitous cancellation of these terms
in the expansion process due to equal and opposite contri-
butions from the two wires (cf. appendix for details). This
suggests that the measured Reynolds shear stress is not a
function of wire separation, at least in the context of linear
filtering, unlike the measured streamwise and wall-normal
turbulence intensities. However, it should be noted that the
R̃Ni j (∆sy) terms are only equal and opposite when conside-
ring the mean over sufficient ensembles and thus the instan-
taneousuwsignal recorded by the×-probe may still exhibit
a∆sy dependency, as illustrated in the following section.

4.2 Other considerations

We have observed that with increased wire separation,u2

decreases, whilew2 increases. However, with increases in
the wire length, increased attenuation ofu2 andw2 occur.
Hence, it should be noted that, althoughRD results shown
in figures3 and6 correspond to the most frequently used
measure of error for study of the spatial averaging effects
from sensors (Philip et al., 2013b),RD = 0 does not in any
way guarantee that the two signals are identical. For exam-
ple, the opposingl and∆s effects forw2 can exactly can-
cel each other in a time-averaged sense leading to an iden-
tical variance even when instantaneously thew velocity sig-
nal is different. An alternative indicator that considers the
error in instantaneous velocity is

〈
EuiEuj

〉
/ uiu j DNS, where

Eui (t) = ui(t) − ui DNS(t) corresponds to the error in theith

component of the velocity. This is because
〈
EuiEuj

〉
/ uiu j DNS

contains an additional term corresponding to the correlation
between the measured and the original velocity,

〈
ui u j DNS

〉
,

which is absent inRD (Philip et al., 2013b). Hence,
〈
EuiEuj

〉

uiu j DNS

= RDuiuj + 2

1−
〈
ui u j DNS

〉
+

〈
ui DNS u j

〉

2uiu j DNS

 (14)

The errors in the instantaneous velocity measured using
an×-probe are quantified as function ofl+ and∆s+ in fi-
gure7. For the majority of cases considered for

〈
E

2
u
〉
/ u2 and〈

E
2
w
〉
/w2 in figure 6, substantial differences exist between

the variance from the simulated×-probe and the original
DNS statistics, and therefore the trends in figure7(a) and(b)
closely follow that observed forRDuu andRDww in figures
6(a) and(b), respectively. However, for the

〈
EuEw

〉
results

shown in figure7(c), the correlation terms
〈
ui u j DNS

〉
and
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〈
u j DNS ui

〉
in (14) are significant and therefore

〈
EuEw

〉
/ uw

differ substantially fromRDuw. As an illustration, figure8
shows comparison of instantaneousu+, w+ andu+w+ signals
from au-w×-probes corresponding to (i)l+ = 14,∆s+y = 5.2
and (ii) l+ = 25,∆s+z = 5.2; as indicated by the dashed and
dotted lines, respectively. While theu+w+ signals from both
cases have an identical mean value to that from the original
DNS velocity, shown as a solid line, the instantaneous Rey-
nolds shear stress from the×-probe with longer wire is more
erroneous. A clear degradation in the performance of an×-
probe to capture the correct instantaneousuwsignal with an
increase inl+ occurs for the∆s+y = 0 and 5.2 cases in figure
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Fig. 8: Comparison of measured fluctuating velocity from
an×-probe. original DNS signal; ×-probe:l+ = 14,
∆s+y = 5.2; ··· ×-probe:l+ = 25,∆s+y = 5.2.

7(c), even though this is not necessarily evident when only
RDuw is considered.

5 l, ∆sy and θ effects on the spectra

In terms of techniques to capture flow velocities, the hot wire
anemometer (HWA) has high dynamic range, good spatial
and temporal resolutions; and ability to sample very large
turn-over times (Comte-Bellot & Foss, 2007). HWA is of-
ten the technique of choice when examining contributions
to velocity fluctuations from a range of scales at highRe.
In this case, the ratio between the smallest and the largest
energy containing motions can be four orders of magnitude
or more. Hence, the effects of finite sensor size on the mea-
sured spectra is an important consideration when designing
a hot-wire experiment.

In this section, we will investigate the effects of wire
length, separation and angle on the scale-by-scale contri-
butions to the turbulent stresses measured using×-probes.
Similar to §3 and 4, the effects are examined at a single
wall-normal location, with the centre of the×-probe now lo-
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Fig. 9: Effect of wire length (l), spacing (∆sy) and angle (θ) on measured pre-multiplied spectra using an×-probe. Left
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∣∣∣∆k+xφ
+
uu

∣∣∣, as a function ofλ+x . Top row (a,b,c):∆s+y = 7
andθ = 45◦, while l+ = 10, · l+ = 20 and··· l+ = 30; middle row (d,e,f):l+ = 20 andθ = 45◦, while ∆s+y = 0,

· ∆s+y = 7 and··· ∆s+y = 30; bottom row (g,h,i):l+ = 20 and∆s+y = 7, while θ = 30◦, · θ = 45◦ and···
θ = 60◦. The original DNS spectra atz+ ≈ 100 are denoted using , while the vertical dashed lines correspond toλ+x = 100.

cated atz+ = 100 (since the finite dimension effects for a
typical×-probe are too severe atz+ = 15 to obtain a relia-
ble spectra). Figures9(a)-(i) show the effect of l, ∆sy andθ
on the measuredu, w spectra anduw cospectra (denoted as
φuu, φww andφuw, respectively) for the×-probe. It should be
noted that, in order to isolate individual effects, one parame-
ter is systematically varied in each row of figure9. While,
the u andw spectra is observed to depend onl, ∆sy andθ
(the dependency is discussed further in §5.1-5.3), the uw
cospectra remain comparatively unchanged, despite increa-
ses inl,∆sy andθ. The robustness of theuwcospectra to the
finite sensor effects is discussed further in §5.4.

5.1 The effects of the wire length,l

An increased attenuation of small-scale energy from a single
normal hot-wire with increase in the sensor length has been
previously demonstrated byLigrani & Bradshaw(1987) and
Hutchinset al. (2009). Furthermore,Hutchinset al. (2009)
find that the small-scale contribution tou2 remains approx-
imately fixed when scaled in viscous units at allRe, and is

only altered whenl+ is changed. Figures9(a)-(c) show the
result of simulations performed with a fixed wire angle of
θ = 45◦ and a fixed wire spacing of∆s+y = 7 at three dif-
ferent wire lengthsl+ = 10, 20 and 30. Similar to single
normal hot-wires, attenuation of small-scaleu fluctuations
observed from×-probes, with longerl+ sensors resulting in
increased attenuation of the small-scale streamwise energy
contribution. Atz+ = 100, this is particularly evident as a re-
duced premultiplied energy, in the rangeλ+x . 1000 in figure
9(a). Further, the small-scalew energy is similarly attenua-
ted when a longerl+ sensor is used (see figure9b).

5.2 The effects of the wire spacing,∆sy

In a wall-bounded flow, theu velocities obtained from an
×-probe are well approximated by the average of filteredu
velocities along the two wires, as shown in §4. Therefore,
increased attenuation of energy, similar to that observed with
increase inl occurs when the wire separation is increased, as
shown in figure9(d). However, in contrast to the effect ofl+

which is isolated in figure9(a), 9(d) indicates that attenu-
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ation due to increasing∆s+y is not solely restricted to the
small-scales, but is evident at all scales for∆s+y = 30.

For thew component, in addition to the filtering effect
due to wire length, there is an additional potential amplifi-
cation ofw energy due to the differences in the measured
normal component of velocity between the two wires. As
∆sy increases, this amplifying effect is exacerbated. The ad-
ditional contribution, due to the fact that the wires are at
an increased separation, leads to an overestimation of thew
spectra over a wide range of wavelengths, with amplification
in λ+x ' 500 evident for the∆s+y = 20 case shown in figure
9(e). The energy attenuation forλ+x . 500 is due to the finite
wire length (l+ = 20) used for all∆sy cases.

5.3 The effects of the wire angle,θ

Figures9(g)-(i) show the effect on the measuredφuu, φww

andφuw from the×-probe with l+ = 20 and∆s+y = 7, as
the wire angleθ, is varied to 30◦, 45◦ and 60◦. Since theu
velocity in a wall-bounded flow is better correlated in the
x direction than in thez direction, the filtering effect along
the wire is well characterised by the quantityl sinθ, for wire
angle where tanθ ∼ O(1). Since the quantityl sinθ reduces
as the wire angle decreases from 60◦ to 30◦, less attenuation
of the small-scaleu spectra occurs.

The additional contribution to thew spectra from dif-
ferences in the filteredu velocities between the two wires
includes a term with tanθ. At a low value ofθ, tanθ → 0
in equation (3), leading to a suppression of the contribution
from theũw1 − ũw2 term to the measuredw velocities using
the×-probe. Therefore at a low value ofθ, the amplification
effects on the measuredw velocity due to a non-zero wire
separation diminishes, while at a largeθ an overestimate of
energetic contributions across a wide range of scales may
occur.

Although, atz+ = 100, the difference between theu and
w energy for wire angleθ = 30◦, 45◦ and 60◦ is marginal
as shown in figures9(g)-(i), from §4 we know that closer
to the wall atz+ ≈ 15, the differences are exacerbated. At
low values ofθ, the errors inu2 reduces, primarily due to
the u velocity being significantly better correlated in thex
direction compared toz, and hence leading to a smaller at-
tenuation as shown for the inclined wires in §3 (cf. figure
3). Furthermore, thew velocity evaluated from the×-probe
is less susceptible to a mismatch between the filtered wire-
normal velocities of the two wires. However, there are other
disadvantages to smaller anglesθ. This wire angle effecti-
vely sets the cone angle between which the×-probe is able
to uniquely resolve the two components of velocity. Thus a
trade-off must be made, as a low value ofθ results in small
cone angle, while a high value ofθ leads to a magnified error
in the measuredw2 statistics. With care, it is likely that dif-
ferent×-probes could be designed for different wall-normal

locations (since high cone angle flow only typically occurs
close to the wall).

5.4 The robustness of Reynolds shear stress cospectra to
the finite sensor effects

From figure9, it is evident that a negligible energetic content
exists in theλ+x < 100 regime for the Reynolds shear stress,
in contrast to theu2 andw2 statistics. These fine-scale mo-
tions are near isotropic and therefore do not contribute to
uw. Hence, even atl+ = 30, the longest wire length consi-
dered in figure9, the×-probe is able to resolve most of the
uw containing motions, but not theu and w contributions
from the near isotropic fine-scale motion. This leads to the
uw cospectra being unchanged whenl is made smaller orθ
varied, as observed in figures9(c) and(h), respectively. It
should be noted that, at sufficiently largel (l+ ≈ 100) an at-
tenuation of small-scales do occur for theuw cospectra, but
such a large sensor is rarely used in practice due to severe
attenuation of theu andw spectra. Furthermore, since the
Reynolds shear stress recorded using an×-probe is devoid
of wire separation effects, at least in the context of linear
filtering as discussed in §4, the uw cospectra also remain
unchanged when∆sy is varied.

6 The effects of the wall-normal position

As we have pointed out in the earlier sections, the two-point
correlation function of the individual velocity components
determines the magnitude of attenuation or amplification that
occur for each of the turbulent stresses. Since the two-point
correlation function changes with thez location, this leads to
a varying attenuation/amplification withz. Here, simulations
for selective×-probe configurations forθ = 45◦ are perfor-
med at multiplez locations to obtain complete turbulence
profiles.

Figure10shows the measured turbulence statistics from
the simulatedu-w ×-probe with configurations correspon-
ding to l+ = ∆s+ = 11; l+ = ∆s+ = 20; l+ = 20,∆s+ =
7 (equal to the×-probe dimensions in viscous units con-
structed for experiments, cf. §7); andl+ = ∆s+ = 7; which
are shown by the symbols�, �, � and★ respectively. From
figure10(a), it is evident that the attenuation inu2 decreases
with increasingz in the regionz+ ' 15. This is the result
of two points at a fixedr becoming better correlated with
increasingz and therefore the filtered velocities are a more
accurate representation of the original velocity.

In contrast, thew2 statistics transition from amplification
to attenuation asz is increased, as shown in figure10(b).
This is because unlikeu2, in addition to contributions from
the filters velocities along the wires̃ww1 and w̃w2, contri-
butions from differences betweeñuw1 andũw2 exist for the
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Fig. 10: The effects of wall positions on the measured turbu-
lent stresses using au-w ×-probe withθ = 45◦. (a) stre-
amwise variance, (b) wall-normal variance and (c) Rey-
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l+ = ∆s+y = 7. The shaded region shown in (b) corresponds

to thew2 contribution from the filteredw velocities along
the wires, for the� case.

w2 statistics (cf. equation10). As shown in §4.1, the for-
mer leads to an attenuation, while the latter amplifiesw2.
Further, the contributions from these two mechanisms be-
have differently as functions ofz. Specifically, as thez po-
sition is increased fromz+ ≈ 15, the contribution from the
filteredu velocity responsible for the amplifiedw2 statistic
diminishes, while the contribution from the average of filte-

red w velocities remains approximately similar. Therefore,
atz+ ≈ 15, the term̃uw1−ũw2 dominates in the equation (3b),
leading to a large overestimation inw2. However, as thez lo-
cation is increased, the contribution from the termũw1− ũw2

decreases while the term̃ww1 + w̃w2 remains approximately
the same. This is illustrated in figure10(b), where the con-
tribution tow2 from the filteredw velocities along the wires
( w̃w1+w̃w2 )2/4 is shown as a shaded region. With increasing
z the measuredw2 approaches the shaded region resulting in
attenuatedw2 statistic forz+ > 150. It should be noted that,
there exists az location where the extra contribution from
the terms̃uw1 and ũw2 is identical to attenuation of thew2

statistic from the spatial filtering effects, resulting in a ma-
tch between the measuredw2 and the original DNS statistics
at thatz location. Also, depending on the×-probe geome-
try, thez location where the measured and original statistics
match changes. However, the fact that an×-probe locally
returns the exact turbulent stress values does not guarantee
that the recorded instantaneous velocity signal is devoid of
errors.

Out of all the turbulent stresses examined here, the Rey-
nolds shear stress shows the least sensitivity to thel and∆s
effects whenθ = 45◦, across all measuredz positions as
shown in figure10(c). It should be noted that here, we have
only considered errors introduced from the spatial averaging
due to finite sensor dimensions. In the next section, the si-
mulated×-probe results are compared against measured sta-
tistics from experiments.

7 Comparisons against experimental results

The qualitative trends observed in the simulation study are
compared against the experimental results obtained using
custom built sub-miniature×-probes in the High Reynolds
Number Boundary Layer Wind Tunnel (HRNBLWT), at the
University of Melbourne. For further details of the experi-
ment, the readers are referred toBaidyaet al. (2017).

Typically, experiments are performed at Reynolds num-
bers that are an order of magnitude greater than the DNS.
Therefore, the finite sensor dimension effects can only be
simulated at a lowRe, and the effects need to be inferred
at a higherRe. For a single normal hot-wire, since the at-
tenuation occurs at small scales whose contribution tou2

remains fixed when scaled in the viscous units (Hutchins
et al., 2009), the amount of near-wall attenuation is found to
be well parameterised byl+ andz+ (Chinet al., 2014; Smits
et al., 2011). Furthermore, since the small-scale behaviour
is universal in the pipe, channel and boundary layer flows
(Monty et al., 2009), similar attenuation ofu2 occurs and
the same equation describing the attenuation in terms ofl+

andz+ works well across all three types of flow (Smitset al.,
2011). For example,Chinet al.(2014) have found that when
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the l+ correction obtained for channel atReτ = 934, is ap-
plied to experimental boundary layer data atReτ ≈ 7000, a
good collapse of the profiles occurs for differentl+ probes.
Hence, even though the individual profiles may not match
due to differences in flow geometry andRe, the deviations
in the viscous scaled measured statistics (indicated here as
D, e.g.D

u2 = u2
measured−u2

original) at fixedz+ due to finite sen-
sor dimension effects should remain approximately the same
in the near-wall region across all wall-bounded flow, provi-
ded that the sensor dimensions remain fixed in viscous units.
Furthermore, the small-scale invariance when scaled by vis-
cous units observed for theu velocity, also occurs for thev
andw velocities (Baidya, 2016; Baidyaet al., 2017). Conse-
quently,Leeet al.(2016) have shown that the deviations for
the w2 statistics observed in boundary layer particle image
velocimetry experiments agree well with that predicted from
the filtered channel DNS statistics when the averaging was
performed across all three dimensions to match the spatial
resolution expected from the experiments.

Figures11(a) and (b) show the deviations in the vari-
ances observed for the simulated and experimentalu-w ×-
probes. Note that, the experiments are conducted atReτ ≈
2500, and therefore the statistics from boundary layer DNS
at a matchedRe(δ+99 = 2000) fromSillero et al. (2013) are
taken as a reference from which the disparity is measured.
For theu2 andw2 statistics, the simulated×-probe is able
to provide a good estimate of the deviations in the measu-
red statistics from experiments, as observed in figures11(a)
and(b), respectively. This suggests that finite sensor dimen-
sion effects are the dominant source of error for theu2 and
w2 statistics measured using an×-probe. However, unlike
theu2 andw2 statistics, a significant discrepancy exists be-
tween the simulated and measured Reynolds shear stresses,
particularly in the regionz+ . 100 as shown in figure11(c).
Thus, while theuw statistics are robust to the finite sensor
effects, it is found to be highly sensitive to other sources of

errors such as those introduced by wire misalignment and
calibration procedures. Since the focus of this paper is on
investigating the effects of spatial averaging due to finite
sensor dimensions, the other error sources are investigated
in a companion paper (Baidyaet al., 2019). In appendixA,
for completeness we show the comparison of the statistics
from the experimentalu-v ×-probe with that from a simu-
lation. The good agreement between the two, as seen in fi-
gureB1, further reinforces the validity of the theoretical ap-
proach taken here to understand spatial resolution issues in
wall-turbulence.

8 Summary and conclusions

A systematic study of the wire length (l), spacing (∆sy) and
angle (θ) effects for a cross-wire probe (referred to here as
an×-probe) configured to measure the streamwise and wall-
normal velocities (u-w ×-probe) showed that a longer wire
in viscous units lead to more attenuatedu2 and w2 statis-
tics. This is because, at increasedl+, a larger portion of the
velocities being averaged is poorly correlated, leading toat-
tenuated filtered statistics. However, when∆s+y is increased,

althoughu2 become attenuated, thew2 statistics can be am-
plified as shown in figures5(d)-(f ). This is because, for the
wvelocity it turns out that a difference between filtered wire-
normal velocities from the two wires, due to local anisotropy
from turbulence, leads to a non-zero spuriousw being recor-
ded by the×-probe. This results in an amplifiedw2 statis-
tic, and the magnitude of amplification increases as the wire
spacing is increased since the filtered wire-normal veloci-
ties from the two wires deviate more as∆sy is increased.
For a fixedl, a larger wire angleθ leads to an increase in
thex dimension occupied by the×-probe while thezdimen-
sion decreases. In a wall-bounded flow, since the velocities
at two points are better correlated inx than z for a fixed
distance between the points, an increase inθ leads to a lar-
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ger portion of poorly correlated velocities being includedin
the spatial averaging process, again leading to an attenuated
statistic. The sensitivity of measured turbulent stressesto the
finite sensor effects show that time-averaged Reynolds shear
stress is significantly more robust to variation inl, ∆sy andθ
compared to the streamwise and wall-normal velocity vari-
ances. The robustness of theuwstatistics whenl+ . O(10) is
a result of small-scales with characteristic wavelengths be-
low 100 viscous units not contributing to theuwstress, while
those same scales make a significant contribution tou2 and
w2 statistics. Further, as shown in §4, due to a fortuitous can-
cellation of cross terms involving the filtered velocities from
the two wires, the measured time-averaged Reynolds shear
stress is not a function of wire separation distance∆sy, at
least in the context of linear filtering.

A summary of the main conclusions and recommendati-
ons based on the simulated dual hot-wire probe studies is as
follows:

1. The wire separation,∆s+, should be kept as small as
possible. That is, the usage of×-probes is recommen-
ded over∨-probes (Philip et al., 2013b), at least in wall-
bounded flows. This is because, at a comparable wire
length and wire separation dimensions (i.e., a majority
of dual hot-wire probes used in experiments), the errors
due to non-zero wire separation dominate.

2. Misalignment of the sensor plane (a plane parallel to
both hot-wires) and the streamwise–spanwise (x-y) or
streamwise–wall-normal (x-z) planes should be avoided.
Thus, the usage of inclined generic probe to allow near-
wall access is strongly discouraged, as this can lead to a
substantial error, up to 10 % for the turbulent stresses, to
be introduced in the log region and beyond, until half the
boundary layer thickness (Baidyaet al., 2019). Instead,
a custom×-probe, where the sensor plane can be desig-
ned to accommodate the inclination angle, such that it
remains parallel to thex-y or x-z planes should be con-
sidered.

3. A well-designed calibration procedure is vital. The Rey-
nolds shear stress is found to be extremely sensitive (more
than twice the other stresses) to any uncertainties intro-
duced during the calibration procedure (Baidya et al.,
2019). In this regard, anin situ two-dimensional cali-
bration conducted with an articulated probe holder in
the freestream region of the wind tunnel (e.g.,Öster-
lund, 1999) may be considered the best practise. For a
probe holder restricted to traversing in the wall-normal
direction, anin situ two-dimensional calibration using
an articulated jet flow combined with an additional zero
angle calibration in the freestream region of the wind
tunnel to account for any angular misalignment between
the jet and the wind tunnel (e.g.,Baidyaet al., 2017) is
recommended.

4. Spurious measurements of the spanwise and wall-normal
velocities due to finite sensor dimensions can lead to
amplified variances (see figure10b, where an overesti-
mation in excess of 100 % is recorded in the near-wall
region). This is in contrast to the streamwise velocity,
where the finite dimension effects result in attenuated
variances.

5. A good prediction of the finite sensor effects can be obtai-
ned from a simulated probe utilising direct numerical si-
mulation database (at a lowerRe) with matched parame-
ters in viscous units. In the current study, it allowed the
dominant sources of errors to be separated between in-
trinsic limitations due to a particular sensor dimensions
for the normal stresses, and the result of uncertainties
in the probe geometry and calibration procedure for the
Reynolds shear stress.

6. Although in a time-averaged sense, the Reynolds shear
stress is more robust to the finite dimension effects com-
pared to the normal stresses, the instantaneous Reynolds
shear stress signal increasingly deviates from the origi-
nal signal for the larger dimension probes. This needs
to be taken into account if one is interested in triple or
higher order correlations requiring the streamwise and
wall-normal velocities.
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A Comparisons againstu-v ×-probe experiments

FigureB1 compares deviations inv2 statistic observed from
experiments, against predictions from the spatial filtering
procedure outline here applied to au-v ×-probe (seePhilip
et al. (2013b) for details).

B Spatial filtering for an inclined hot-wire

In this section, the two-point correlation behaviour in the
homogeneous and inhomogeneousplane is investigated. The
similarities and differences between the two are examined,
to develop a better understanding of spatial filtering effects
in the inhomogeneous plane.

B.1 Spatial filtering along the homogeneous direction

For a case when the inclined wire lies in ahomogeneous
plane (x-y plane in a wall-bounded flow)RNi j in (7) is only
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dependent onr. This is illustrated in figureB2, where a map
of RNuu for two points on the inclined wire which lie on the
x-y plane (atz+ ≈ 15) is shown. Hence in thex-y plane,

∫ l

−l

∫ l/2−r

−l/2−r
RNi j (ξ, r) dξdr =

∫ l

−l
RNi j (r)

(∫ l/2−r

−l/2−r
1 dξ

)
dr.

(B.1)

Further, bothσ(ui,A) andσ(u j,B) are independent ofξ andr
in thex-y plane, and therefore equation (7) simplifies to
〈
ũi ũ j

〉

uiu jDNS

=
1
l2
σ(ui)σ(u j)

uiu jDNS

∫ l

−l
RNi j (r)

(∫ l/2−r

−l/2−r
1 dξ

)
dr,

=
1

l2 ρi j DNS

∫ l

−l
RNi j (rx, ry)

(
l − |r |

)
dr, (B.2)

where rx and ry correspond to the displacement in thex
and y direction between two points separated byr along
the wire, whileρi j denote the turbulent stress correlation
coefficients, i.e.ρi j = uiu j/

(
σ(ui)σ(u j)

)
. For a single nor-

mal hot-wire measuring the streamwise turbulence intensity,
equation (B.2) reduces to the form obtained byDrydenet al.
(1937).

B.2 Spatial filtering along the inhomogeneous direction

For an inclined wire which lies in aninhomogeneousplane,
due to flow heterogeneity along the sensing element, the cor-
relation map between the two points on the wire becomes
dependent onz as well as ther location where the correla-
tion is evaluated. To illustrate this point, figureB3 shows the
RNuu map for two points on the inclined wire which lie on the
x-z plane, calculated using the DNS database (forz+c ≈ 15,
wherezc is the wall-normal location of the wire mid-point).
Due to flow heterogeneity along the sensing element, the
isocontours shown in figuresB3(a) and(b) no longer follow
ther = constant lines, unlike for the homogeneous case. Ho-
wever, the departure from aRNuu which is independent ofξ
(i.e. function only ofr) due to inhomogeneity turns out to
be relatively small (∼ 10% in the case of figureB3). Thus,

the two-point correlation function at the wall locationz+ δz
may be modelled to a good approximation by only conside-
ring the linear term in the Taylor expansion. That is,

RNi j (r)
∣∣∣
zA+δz
≈ RNi j (r)

∣∣∣
z
+
∂RNi j (r)

∂z

∣∣∣∣∣∣
z

δz (B.3)

for a small wall-normal offset,δz.

Let us now reconsider the term
〈
ui,Au j,B

〉
in (6) (point

A and B are located at a distanceξ and ζ from the mid-
point of the inlined wire). Since,

〈
ui,Au j,B

〉
= Ri j (ζ−ξ)

∣∣∣
z=zA
=

Rji (ξ − ζ)
∣∣∣
z=zB

, based on (B.3)

〈
ui,Au j,B

〉

uiu jDNS

≈
1

2ρi j DNS


(
1+A j(rz)

)
RNi j (r)

∣∣∣
z=zc
+

(
1+Ai(−rz)

)
RN ji (−r)

∣∣∣
z=zc
+

(
1+A j(rz)

) ∂RNi j (r)

∂z

∣∣∣∣∣∣
z=zc

ξz

+
(
1+Ai(−rz)

) ∂RN ji (−r)

∂z

∣∣∣∣∣∣
z=zc

ζz

 , (B.4)

where,r = ζ−ξ, whileξz = −ξ cosθ andζz = −ζ cosθ corre-
spond to the wall-normal component ofξ andζ, respectively.
Furthermore,

Ai(rz) =
σ
(
ui(zc + rz)

)
− σ

(
ui(zc)

)

σ
(
ui(zc)

) , (B.5)

where,σ
(
ui(z)

)
denotes the standard deviation ofui(z).

Figure B4 show a linearly approximatedRNuu for the
same inclined wire for which an exactRNuu is shown in fi-
gureB3(b). The estimates obtained from the linear approx-
imation are observed to be good, and small deviations that
exist are confined to the extremer values. Furthermore, alt-
hough not shown here for brevity, similar result holds for
RNww. Compared toRNuu andRNww, the normalised cross-
correlation between theu andw velocities (cf. figureB5a)
display a more pronounced departure from the two-point
correlation behaviour seen in a homogeneous plane, and con-
sequently the errors associated with the linearly approxima-
tedRNuw, shown in figureB5(b) is larger compared to the
autocorrelation counterparts.
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Substitute (B.4) into (7) to obtain

〈
ũi ũ j

〉

uiu jDNS

=
1

2l2 ρi j DNS

[
I︷                                      ︸︸                                      ︷∫ l

−l

(
RNi j (r) + RN ji (−r)

)(
l − |r |

)
dr

+

II︷                                                          ︸︸                                                          ︷∫ l

−l

(
A j(rz)RNi j (r) +Ai(−rz)RN ji (−r)

)(
l − |r |

)
dr

+

IIIa︷                                                          ︸︸                                                          ︷∫ l

−l

(
1+A j(rz)

) ∂RNi j (r)

∂z

∣∣∣∣∣∣
z=zc

(∫ l/2−r

−l/2−r
ξz dξ

)
dr

−

IIIb︷                                                              ︸︸                                                              ︷∫ l

−l

(
1+Ai(−rz)

) ∂RN ji (−r)

∂z

∣∣∣∣∣∣
z=zc

(∫ l/2−r

−l/2−r
ζz dζ

)
dr

]

+

IV︷︸︸︷
O(l2) . (B.6)

FiguresB6(a)-(c) show the relative magnitudes of terms
I - IV in ( B.6). Here, symbolN show contribution fromO(l2)
terms and therefore corresponds to errors as a result of the li-
near approximation. TheO(l2) errors for the Reynolds shear

stress are significantly larger than that obtained for theu and
w variances, but this is to be expected based on the differen-
ces in errors resulting from the linear approximation obser-
ved in figuresB2, B4 andB5. Further, symbols�, � and�
in figureB6 denote contribution of terms I-III, respectively.

For a case, whenAi(rz) = 0 and∂RNi j /∂z = 0, terms II
- IV in (B.6) banishes, and therefore term I is equivalent to
the expression obtained for filtered turbulent stress statistics
in a homogeneous flow. From comparison between figures
B2 andB3, it is evident that for the streamwise component
the two points residing on an inclined single wire are cor-
related with each other to a similar degree regardless of the
wire being oriented in thex-y or x-z plane. Hence, the con-
tributions from term I (�) and the filteredu statistic from
an equivalent wire in thex-y plane (denoted by dotted lines)
are similar, as shown in figureB6(a). Thus, as is the case for
the inclined wire in the homogeneous plane, a higher degree
of correlation between the velocities that are being spatially
filtered along the sensing element leads to a smaller devi-
ation between the filtered and original statistics. Hence, the
attenuation of

〈̃
uw̃

〉
is smaller compared to that observed for
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the
〈̃
u2〉 and

〈
w̃2〉 statistics, for a givenl+ (see §3 for further

discussions).
Term II in (B.6) is associated with flow heterogeneity

that arises due to varyinguiu j but an unalteredRNi j along
the sensing element. In this scenario, the degree to which
the two points residing on the sensing element are correla-
ted with each other remains the same, for a given spacing,
despite the presence of flow heterogeneity. To illustrate the
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〈̃
u2〉, (b)

〈
w̃2〉 and (c)−

〈̃
uw̃

〉
for an inclined hot-wire

in the x-z plane, withθ = −45◦ and atz+c ≈ 15. The sym-
bols�, �,� andN denote contributions from terms I - IV,
respectively, while the shaded regions correspond to the to-
tal contribution from the four terms. The dotted line in (a)
shows the total contributions for an equivalent inclined wire
in thex-y plane.

effect of the wall-normal variation inuiu j, consider a case
when the centre of an inclined wire probe coincides with a
local minimum inu2 (as function ofz) as illustrated in fi-
gureB7. Since, the filtered velocity along the wire includes
more energetic velocity from the neighbouringz locations in
the spatial averaging process, this leads to a filtered statistic
that exceeds the original DNS statistic at thez location cor-
responding to the wire centre. For all three turbulent stresses



18 R. Baidya et al.

PSfrag replacements

l

Mean flow
directionz

u2

−20
−15
−10
−5

0

zc − l/2

zc

zc + l/2

−10
−5

0
5

10

Fig. B7: The effect of flow heterogeneity along the sensor
on the measuredu2. The solid line corresponds to the origi-
nal u2, which varies along the sensor of lengthl, while the
dashed line corresponds to the filtered statistics measuredby
the sensor. Since the measured statistic is attributed to beat
the mid-point of the sensor (indicated by the symbol�), the
measuredu2 (�) exceeds the original value (⊳) whenu2 has
a local minimum.

considered in figureB6, the variation inuiu j with z leads to
a further decrease in the filtered statistics. For

〈̃
u2〉 and

〈
w̃2〉,

inclusion of term II leads to a better estimate of the filtered
statistics, however the attenuation of

〈̃
uw̃

〉
is over predicted

since substantial changes inRNuw that occur along the sen-
sing element remain unaccounted for in term II.

Term III (sum of terms IIIa and IIb in equationB.6) ari-
ses due to variations inRNi j from the wall-normal hetero-
geneity, which are accounted for by∂RNi j (rx, rz)/ ∂z terms.
The near zero value for� in figure B6(a) suggests that in-
significant contribution to theu variances occurs from term
III. This is consistent with the observation that for a sensor
of O(10) viscous unit in length,RNuu as a function ofr at all
points on the sensor (even in the inhomogeneous direction)
is well approximated by the normalised correlation function
at the centre of the wire, as illustrated in figureB3(b) (i.e.
∂RNuu/∂z ≈ 0). Similarly, for the

〈
w̃2〉 statistic, the contri-

bution from the∂RNww/∂z term is observed to be near zero.
However, a non negligible contribution from the∂RNuw/∂z
terms exist for the

〈̃
uw̃

〉
statistic.

C Expressions for measured turbulent stresses using an
×-probe

Here, details of an adapted procedure fromPhilipet al.(2013a)
applied to au-w×-probe is presented.

We start from an equivalent expression for equation (3)
applicable to theu-w ×-probe and setθ = 45◦. Thus, the

measured turbulent stress terms can be expressed as

u2 =
1
4

〈(
ũw1 + ũw2

)2
+ 2

(
ũw1 + ũw2

)(
w̃w1 − w̃w2

)

+
(
w̃w1 − w̃w2

)2
〉
, (C.1)

w2 =
1
4

〈(
ũw1 − ũw2

)2
+ 2

(
ũw1 − ũw2

)(
w̃w1 + w̃w2

)

+
(
w̃w1 + w̃w2

)2
〉
, (C.2)

and

uw=
1
4

〈(
ũw1 + ũw2 + w̃w1 − w̃w2

)(
ũw1 − ũw2 + w̃w1 + w̃w2

)〉
.

(C.3)

Due to unsymmetrical nature of the correlation functions
in the streamwise–wall-normal plane, the filtered turbulent
stresses along the wire inclined atθ = −45◦ andθ = 45◦ are
not identical, however forl+ ∼ O(10)

〈 ũw1 ũw1 〉 ≈ 〈 ũw2 ũw2 〉 ≈ 〈 ũ
2 〉 (C.4)

holds, and in the similar manner for the wall-normal vari-
ance and the Reynolds shear stress as shown in figures3(a)-
(c). Furthermore, the cross terms between the two wires can
be denoted in terms of the two-point correlation function of
filtered velocities as

〈 ũw1 ũw2 〉 = R̃uu(∆sy). (C.5)

Now, expand equation (C.1)-(C.3) to obtain

u2 ≈
1
2

[
〈 ũ2 〉 + 〈 w̃2 〉 + R̃uu(∆sy) − R̃ww(∆sy)

]
, (C.6)

w2 ≈
1
2

[
〈 ũ2 〉 + 〈 w̃2 〉 − R̃uu(∆sy) + R̃ww(∆sy)

]
, (C.7)

and

uw≈ 〈 ũ w̃ 〉. (C.8)

The R.H.S of equation (C.8), unlike (C.6) and (C.7) con-
tains no correlation terms due to fortuitous cancellation in
the expansion process, while the terms〈 ũ2

w1 − ũ2
w2 〉 and

〈 w̃2
w1 − w̃2

w2 〉 are near zero since equal and opposite con-
tribution from the two wires occurs forl+ ∼ O(10).

Equation (C.6) when normalised by the original stream-
wise variance from DNS at the centre of theu-w ×-probe
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(
u2

DNS

)
, can be expressed as

u2

u2
DNS

≈
1
2


〈 ũ2 〉

u2
DNS

+
〈 w̃2 〉

w2
DNS

w2
DNS

u2
DNS

+
R̃uu(∆sy)

〈 ũ2 〉

〈 ũ2 〉

u2
DNS

−
R̃ww(∆sy)

〈 w̃2 〉

〈 w̃2 〉

w2
DNS

w2
DNS

u2
DNS

 , (C.9)

≈
1
2

Fuu + Fww
w2

DNS

u2
DNS

+ R̃Nuu(∆sy)Fuu

−R̃Nww(∆sy)
w2

DNS

u2
DNS

Fww

 , (C.10)

≈ Fuu

[
1
2
+

1
2
R̃Nuu(∆sy)

+

(
1
2
−

1
2
R̃Nww(∆sy)

)
w2

DNS

u2
DNS

Fww

Fuu

 (C.11)

≈ Fuu

[
1−

1
2

(
1− R̃Nuu(∆sy)

)

+
1
2

(
1− R̃Nww(∆sy)

) 〈 w̃2 〉

〈 ũ2 〉

]
, (C.12)

where

Fuu =
〈 ũ2 〉

u2
DNS

, and Fww =
〈 w̃2 〉

w2
DNS

, (C.13)

and

R̃Nuu =
R̃uu

〈 ũ2 〉
, and R̃Nww =

R̃ww

〈 w̃2 〉
. (C.14)

Fuu and Fww are the ratios of spatially filtered variance to
the original variance accounting for attenuation due to wire
length, whileR̃Nuu andR̃Nww are normalised correlations be-
tween the spatially filtered velocities over the wire length
l. It should be noted that in a wall-bounded flow,w2/u2 is
of order 0.1, and therefore the contribution from the term[
1 − R̃Nww(∆sy)

] [
〈 w̃2 〉/〈 ũ2 〉

]
in equation (C.12) is insig-

nificant and can be neglected (Philip et al., 2013b). Similar
expressions can be obtained for the normalisedw2 anduw
statistics, given by

w2

w2
DNS

≈ Fww

[
1−

1
2

(
1− R̃Nww(∆sy)

)
+

1
2

(
1− R̃Nuu(∆sy)

) 〈 ũ2 〉

〈 w̃2 〉

]
, (C.15)

and

uw
uwDNS

≈ Fuw. (C.16)

References

Baidya, R. 2016 Multi-component velocity measurements
in turbulent boundary layers. PhD thesis, University of
Melbourne.

Baidya, R., Philip, J., Hutchins, N., Monty, J. P. & Marusic,
I. 2019 Sensitivity of turbulent stresses in boundary lay-
ers to cross-wire probe uncertainties in the geometry and
calibration procedure.Meas. Sci. Technol.30, 085301.

Baidya, R., Philip, J., Hutchins, N., Monty, J. P. & Marusic,
I. 2017 Distance-from-the-wall scaling of turbulent moti-
ons in wall-bounded flows.Phys. Fluids29 (2), 020712.

Browne, L. W. B., Antonia, R. A. & Shah, D. A. 1988 Se-
lection of wires and wire spacing for×-wires.Exp. Fluids
6 (4), 286–288.

Bruun, H. H. 1995Hot-wire anemometry: principles and
signal analysis. Oxford Univ Press.

Champagne, F. H., Sleicher, C. A. & Wehrmann, O. H. 1967
Turbulence measurements with inclined hot-wires Part 1.
Heat transfer experiments with inclined hot-wire.J. Fluid
Mech.28 (01), 153–175.

Chin, C., Hutchins, N., Ooi, A. & Marusic, I. 2011 Spatial
resolution correction for hot-wire anemometry in wall tur-
bulence.Exp. Fluids50 (5), 1443–1453.

Chin, C., Monty, J. P. & Ooi, A. 2014 Reynolds number ef-
fects in DNS of pipe flow and comparison with channels
and boundary layers.Int. J. Heat Fluid Flow45, 33–40.

Comte-Bellot, G. & Foss, J.F. 2007 Thermal anemometry. In
Springer handbook of experimental fluid mechanics(ed.
C. Tropea, A. L. Yarin & J. F. Foss), , vol. 1, chap. 5.2,
pp. 229–286. Springer.

del Álamo, J. C., Jiménez, J., Zandonade, P. & Moser, R. D.
2004 Scaling of the energy spectra of turbulent channels.
J. Fluid Mech.500, 135–144.

Dryden, H. L., Schubauer, G. B., W.C. Mock, Jr & Skram-
stad, H. K. 1937 Measurements of intensity and scale of
wind-tunnel turbulence and their relation to the critical
Reynolds number of spheres.Tech. Rep.NACA-report-
581. NACA.

Hutchins, N., Nickels, T. B., Marusic, I. & Chong, M. S.
2009 Hot-wire spatial resolution issues in wall-bounded
turbulence.J. Fluid Mech.635, 103–136.

Johansson, A. V. & Alfredsson, P. H. 1983 Effects of imper-
fect spatial resolution on measurements of wall-bounded
turbulent shear flows.J. Fluid Mech.137, 409–421.

Kline, S. J., Reynolds, W. C., Schraub, F. A. & Runstadler,
P. W. 1967 The structure of turbulent boundary layers.J.
Fluid Mech.30 (04), 741–773.

Lee, J. H., Kevin, Monty, J. P. & Hutchins, N. 2016 Valida-
ting under-resolved turbulence intensities for piv experi-
ments in canonical wall-bounded turbulence.Exp. Fluids
57 (8), 129.



20 R. Baidya et al.

Ligrani, P. M. & Bradshaw, P. 1987 Spatial resolution and
measurments of turbulence in the viscous sublayer using
subminature hot-wire probes.Exp. Fluids5, 407–417.

Moin, P. & Spalart, P. R. 1989 Contributions of numerical
simulation data bases to the physics, modeling, and me-
asurement of turbulence.Tech. Rep.NASA-TM-100022.
NASA.

Monty, J. P., Hutchins, N., Ng, H. C. H., Marusic, I. &
Chong, M. S. 2009 A comparison of turbulent pipe, chan-
nel and boundary layer flows.J. Fluid Mech.632, 431–
442.

Österlund, J. M. 1999 Experimental studies of zero pressure-
gradient turbulent boundary layer flow. PhD thesis, Royal
Institute of Technology.

Philip, J., Hutchins, N., Monty, J. P. & Marusic, I. 2013a
Spatial averaging of velocity measurements in wall-
bounded turbulence: single hot-wires.Meas. Sci. Technol.
24 (11), 115301.

Philip, J., Baidya, R., Hutchins, N., Monty, J. P. & Marusic,
I. 2013b Spatial averaging of streamwise and spanwise
velocity measurements in wall-bounded turbulence using
∨- and×-probes.Meas. Sci. Technol.24 (11), 115302.

Segalini, A., Cimarelli, A., Rüedi, J-D., De Angelis, E. &
Talamelli, A. 2011 Effect of the spatial filtering and align-
ment error of hot-wire probes in a wall-bounded turbulent
flow. Meas. Sci. Technol.22 (10), 105408.

Sillero, J. A., Jiménez, J. & Moser, R. D. 2013 One-point
statistics for turbulent wall-bounded flows at Reynolds
numbers up toδ+ ≈ 2000.Phys. Fluids25 (10), 105102.

Smits, A. J., Monty, J. P., Hultmark, M., Bailey, S. C. C.,
Hutchins, N. & Marusic, I. 2011 Spatial resolution cor-
rection for wall-bounded turbulence measurements.J.
Fluid Mech.676, 41–53.

Strohl, A. & Comte-Bellot, G. 1973 Aerodynamic effects
due to configuration of×-wire anemometers.J. Appl.
Mech.40 (3), 661–667.

Suzuki, Y. & Kasagi, N. 1992 Evaluation of hot-wire measu-
rements in wall shear turbulence using a direct numerical
simulation database.Exp. Therm Fluid Sci.5 (1), 69–77.

Tagawa, M., Tsuji, T. & Nagano, Y. 1992 Evaluation of×-
probe response to wire separation for wall turbulence me-
asurements.Exp. Fluids12 (6), 413–421.

Uberoi, M. S. & Kovasznay, L. S. G. 1953 On mapping and
measurement of random fields.Quart. Appl. Math10 (4),
375–393.

Wyngaard, J. C. 1968 Measurement of small-scale turbu-
lence structure with hot wires.J. Phys. E: Sci. Instrum.
1 (11), 1105.


	Introduction
	Modelling the finite sensing elements in the -probe
	Filtering effects from individual inclined hot-wires
	X-probe
	l, Δs and θ effects on the spectra
	The effects of the wall-normal position
	Comparisons against experimental results
	Summary and conclusions
	Acknowledgement
	Comparisons against u-v X-probe experiments
	Spatial filtering for an inclined hot-wire
	Expressions for measured turbulent stresses using an X-probe

